The thermal time hypothesis proposed by Rovelli [1] regards the physical basis for the flow of time as thermodynamical and provides a definition of the temperature for some special cases. We verify this hypothesis in the case of de Sitter spacetime by relating the uniformly accelerated observer in de Sitter spacetime to the diamond in Minkowski spacetime. Then, as an application of it, we investigate the thermal effect for the uniformly accelerated observer with a finite lifetime in dS spacetime, which generalizes the corresponding result for the case of Minkowski spacetime [2] .
The thermodynamics of spacetimes has drawn much interest after the discovery of Hawking radiation [3] and Unruh effect [4] . The thermodynamics of de Sitter (dS) spacetime [5] is especially amazing and leads to a lot of puzzles [6] , which are made more pressing by recent cosmological observations showing that our universe is probably asymptotically dS [7] .
Recently, Martinetti and Rovelli reviewed the Unruh effect from the viewpoint of the so-called "thermal time hypothesis" [1] and applied this hypothesis to study the Unruh effect for an observer with a finite lifetime, which they call the "diamonds's temperature" [2] . In this paper, we explore the possibility of extending the application of this hypothesis to dS spacetime. First we find that it gives the correct temperature for a uniformly accelerated observer in dS spacetime, as the evidence of its validity in this case. Then we go on to apply it to a uniformly accelerated observer with a finite lifetime in dS spacetime. Similar to the result in [2] , we explicitly obtain a time-dependent temperature for this kind of observers.
The key observation is that the region covered by the static coordinates, with metric
on dS spacetime can be mapped to a diamond (which we call the dS diamond) on Minkowski spacetime via a conformal transformation which maps the dS spacetime to Minkowski spacetime in the sense of conformal compactification. 1 From the 5-dimensional viewpoint that regards the dS spacetime as a pseudo-sphere
with η AB = diag(1, −1, −1, −1, −1), this conformal transformation is simply realized by a (pseudo-)stereographic projection,
from the point P = (0, 0, 0, 0, −R) to the hyperplane ξ 4 = R with Minkowski signature, where x µ stand for the coordinates ξ µ on this hyperplane. At the same time, x µ can be taken as coordinates on the dS spacetime, known as the conformally flat coordinates. This coordinate system can cover almost the entire dS spacetime, with metric
except the light cone at P . For a sketch map of the conformally flat coordinates, see Fig.1 . In terms of Penrose diagrams, one can simply illustrate the relation between the conformal compactificaion of the dS spacetime and that of the Minkowski spacetime induced by the (pseudo-)stereographic projection (see Fig.2 ).
As is well known, the observer with world line r = const in the static coordinates is a uniformly accelerated observer in the dS spacetime, with constant acceleration
Especially, the observer staying at r = 0 is of acceleration a = 0, i.e., an inertial observer, and the acceleration diverges when r → R. In terms of the conformally flat coordinates, the equation of the world line r = const is
where we have restricted ourselves to the two-dimensional case for simplicity. Taking r as a free parameter, the above equation is the set of all pseudocircles 2 that passing the points (0, −2R) and (0, 2R). See Fig.1 for the world lines of uniformly accelerated observers in the conformally flat coordinates. Now it is easy to obtain the action of the modular group (see eq.(45) of [2] ) on the dS diamond:
One can check that this modular flow is along the world line (7), which is the precondition of a well-defined temperature from the thermal time 2 By the term pseudo-circle, in fact, we mean a hyperbola with equation
where T0, X0 and W are arbitrary real constants. All the points on the plane except those on the hyperbola with equation
4R 2 = 0, which is actually the conformal boundary of the dS spacetime, are points on the dS spacetime. The diamond embraced by the dashed lines is the region covered by the static coordinates. The solid line segment is the world line of the inertial observer, while the solid segment of a hyperbola is the world line of the observer staying at r = R/2. When r → R, the world line (7) of the uniformly accelerated observer tends to the boundary of the diamond, T 2 = (X − 2R) 2 . Fig.1 , with the horizontal dashed line here corresponding to the conformal boundary of the dS spacetime (the hyperbola) there. It is conformally compactified by identifying KL = M N and KM = LN . What the stereographic projection does is just to remove the triangles (numbered "I" to "IV") in Fig.2(a) to the corresponding positions in this figure, respectively. 
which leads to
In order to apply the thermal time hypothesis [2] , we need to obtain dρ/dt, in terms of T , from eq.(8). 3 After some simplification, the final result is
The thermal time hypothesis then gives
which is independent of T (constant for the observer) and in exact agreement with the known result [8] . This remarkable agreement, which at least shows some evidence of the validity of the thermal time hypothesis in the dS spacetime, stimulates us to go further along this direction, i.e., to consider a uniformly accelerated observer with finite lifetime in the dS spacetime, in order to generalize the result in [2] . It can be shown that the static observer with lifetime −τ < t < τ in the static coordinates is associated with a reduced diamond with half height
which is smaller than 2R and tends to 2R when τ → ∞. Now the modular flow corresponding to the reduced diamond is
instead of eq.(8). Thus we can obtain dρ/dt, by making the replacement 4
where we have defined
Then from eq.(11) and the thermal time hypothesis we have
This temperature has similar time dependence as that in [2] , i.e., diverges at the two ends of the lifetime (T = ±2M ) and has a minimum at T = 0 with
As a primary check of the complicated expression (19), we take its limit of R → ∞ with r fixed, and then get
which is actually the same as the a → 0 limit of eq.(54) in [2] . Its a = 0 case is not so straightforward, since in this case r tends to infinity as R does, and then T does not tend to the proper time. First we have
with s the proper time, and so
4 It implies
Thus follows
Substituting the above equations into eq.(19) and taking the R → ∞ limit, we have finally
with the proper time range
which is actually the same as eq. (54) in [2] . That shows eq.(19) has the correct flat limit. We end this paper with a brief discussion. The thermodynamics of dS spacetime can be investigated from various viewpoints: the event horizon [5] , the global embedding Minkowski spacetime (GEMS) [8] , and the thermal time hypothesis. All these viewpoints lead to the same result (13), which strongly justifies the puzzling dS thermodynamics. At the same time, this can be regarded as a verification of the thermal time hypothesis in a non-flat spacetime, the significance of which should be explored further.
